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Summary. We give an upper bound for the unique-
ness transition on an arbitrary locally finite graph G in
terms of the limit of the spectral radii ρ [H(Gt)] of the
non-backtracking (Hashimoto) matrices for an increas-
ing sequence of subgraphs Gt ⊂ Gt+1 which converge to
G. With the added assumption of strong local connectiv-
ity for the oriented line graph (OLG) of G, connectivity
on any finite subgraph G′ ⊂ G decays exponentially for
p < (ρ [H(G′)])−1.
Introduction. Percolation is widely used in network the-
ory applications, yet formation of an infinite cluster is
not sufficient to ensure high likelihood that an arbitrary
pair of selected sites are connected, since the percolation
cluster may not be unique. In this work we give upper
bounds on the connectivity in site percolation on finite
and infinite graphs in terms of the corresponding non-
backtracking (Hashimoto) matrices, and related bounds
for the uniqueness transition.
Definitions. For a graph G with the vertex set V ≡ V(G)
and edge set E , we also consider the set of arcs (directed
edges) A(G). The Hashimoto[6] matrix H ≡ H(G) is the
adjacency matrix of the oriented line graph of G. For
any pair of arcs {a, b} ⊂ A, Ha,b = 1 iff {a, b} form a
non-backtracking walk of length two, i.e., the head of a
coincides with the tail of b, but b is not the reverse of a.
In site percolation on a connected undirected graph G,
each vertex is chosen to be open with the fixed probability
p, independent from other vertices. We focus on a sub-
graph G′ ⊆ G induced by all open vertices on G. For each
vertex v on G′, let C(v) ⊆ G′ be the connected component
of G′ which contains the vertex v, otherwise C(v) = ∅.
Denote[9] by
θv ≡ θv(G, p) = P(|C(v)| =∞), (1)
the probability that C(v) is infinite. If C(v) is infinite, for
some v, we say that percolation occurs. The percolation
transition occurs at the critical probability pc = supp{p :
θv = 0}. Similarly, introduce the local susceptibility,
χv ≡ χv(G, p) = E(|C(v)|), (2)
the expected cluster size connected to v, and the asso-
ciated critical value pT = inf{p : χv = ∞}. Generally,
pc ≤ pT ; on quasitransitive graphs the two thresholds
coincide[8]. A third critical value, pu, corresponds to a
transition associated with the number of infinite clusters.
For p > pu there can be only one infinite cluster and in
general pu ≥ pc. This inequality is strict on non-amenable
graphs[2]. The uniqueness phase can be characterized by
the connectivity,
τu,v ≡ τu,v(G, p) = P
(
u ∈ C(v)
)
, (3)
the probability that vertices u and v are in the same clus-
ter. Indeed, if the percolating cluster is unique, for p > pu,
the connectivity is bounded from below, τu,v ≥ θuθv.
For any non-negative matrix H (finite or infinite) we
define p-norm growth,
grpH ≡ sup
v
{
λ > 0 : lim inf
m→∞
‖eTvH
m‖p
λm
= 0
}
, (4)
and a similarly defined grpH using limit superior. Here
ev is a vector with the only non-zero element at v equal to
one. We note that for any finite graph, grpH = grpH =
ρ(H). Moreover, if H is the Hashimoto matrix associated
with a tree T , ‖Hmev‖1 is the number of sites reachable in
m non-backtracking steps from the arc v ∈ A(T ). Then,
gr1H is exactly the growth of the tree[7], and gr1H is
the uniformly limited growth[1]. Furthermore, on a tree,
gr2H = (gr1H)
1/2 is the point spectral radius[7]. More
generally, for any graph G, gr2H gives an upper bound
for the spectral radius ρl2(H) of H treated as an operator
on l2(A); it satisfies the following inequalities
(gr1 H)
1/2 ≤ ρl2(H) ≤ gr2H ≤ gr1H, (5)
where the rightmost inequality is strict if G is non-
amenable.
Results. We prove the following bounds:
Theorem 1. Consider site percolation on a locally finite
graph G characterized by the Hashimoto matrix H. Then
pT ≥ 1/ gr1H, pc ≥ 1/ gr1H.
1
The first inequality is obtained by evaluating a union
bound for χv over all non-backtracking walks starting
with v [5, 4]; the second by using the bound on the
percolation transition on a graph in terms of the transi-
tion on the universal cover[3]. The following connectivity
bound follows directly from the alternative definition of
ρl2(H) = limm→∞ ‖H
m‖
1/m
2 :
Theorem 2. Consider site percolation on an infinite
graph G with maximum degree dmax, characterized by the
Hashimoto matrix H with ρ ≡ ρl2(H). Then, if p < 1/ρ,
connectivity between any pair of sites decays exponentially
with the distance, i.e., there exists a base ρ′ < 1 and a
constant C ≥ dmax(1− pρ)−1 such that
∀{u, v} ⊂ V(G), τu,v ≤ C(ρ
′)d(u,v). (6)
We say that an OLG of a connected graph G is strongly
ℓ-connected, if for any arc a ∈ A(G), there is a non-
backtracking walk of length at most ℓ from a to its re-
verse, a¯. When such a graph is finite, the ratios of the
components of the Perron-Frobenius vector of H corre-
sponding to any pair of mutually reverted arcs are uni-
formly bounded (up to a constant). This gives
Theorem 3. Consider site percolation on a finite graph
G whose OLG is locally strongly ℓ-connected. Let H be
the Hashimoto matrix of G. Then, if λ ≡ pρ(H) < 1, the
connectivity between any pair of vertices satisfies
τi,j ≤ max(deg i, deg j)
1 + [ρ(H)]ℓ
1− λ
λd(i,j). (7)
Moreover, for any locally-finite graph G whose OLG is
locally strongly ℓ-connected, we have:
Theorem 4. Consider an increasing sequence of sub-
graphs Gt ⊂ Gt+1 ⊂ G convergent to a locally-finite graph
G. The following limit exists
ρ0 ≡ lim
t→∞
ρ(Ht) ≤ ρl2(H). (8)
The upper bound is saturated, ρ0 = ρl2(H), if the OLG of
G is locally strongly ℓ-connected.
The same parameter ρ0 also defines a lower bound on
the uniqueness transition:
Theorem 5. For a locally finite graph G, the uniqueness
transition satisfies pu ≥ 1/ρ0.
This follows from a bound on the expected number of
self-avoiding cycles passing through a given arc, and the
related analysis of cluster stability[4].
Example 1. A degree-d infinite tree Td can be obtained
as a limit of an increasing sequence of its subgraphs, t-
generation trees Gt = T
(t)
d . We have ρ(Ht) = 0 for any t,
thus ρ0 = 0, consistent with the known fact that there is
no uniqueness phase for percolation on Td.
Conclusions. We give lower bounds for all three transi-
tions usually associated with site percolation on infinite
graphs. We also identify a region of p where connectiv-
ity decays exponentially with the distance. For certain
graphs with many short cycles, we give an improved up-
per bound on connectivity’s exponential falloff with the
distance, with explicitly specified parameters.
Acknowledgments. We are grateful to N. Delfosse
for enlightening discussions. This work was supported
in part by the U.S. Army Research Office under Grant
No. W911NF-14-1-0272 and by the NSF under Grant No.
PHY-1416578. LPP also acknowledges hospitality by the
Institute for Quantum Information and Matter, an NSF
Physics Frontiers Center with support of the Gordon and
Betty Moore Foundation.
References
[1] O. Angel, J. Friedman, and S. Hoory. The non-backtracking
spectrum of the universal cover of a graph. Transactions of the
American Mathematical Society, 367:4287–4318, 2015.
[2] O. Ha¨ggstro¨m and J. Jonasson. Uniqueness and non-uniqueness
in percolation theory. Probability Surveys, 3:289–344, 2006.
[3] K. E. Hamilton and L. P. Pryadko. Tight lower bound for
percolation threshold on an infinite graph. Phys. Rev. Lett.,
113:208701, Nov 2014.
[4] K. E. Hamilton and L. P. Pryadko. Algebraic bounds for
site-dependent percolation on directed and undirected graphs.
arXiv preprint arXiv:1505.03963, 2015.
[5] K. E. Hamilton and L. P. Pryadko. Spectral bounds for per-
colation on directed and undirected graphs. arXiv preprint
arXiv:1503.00410, 2015.
[6] K. Hashimoto. Zeta functions of finite graphs and represen-
tations of p-adic groups. In K. Hashimoto and Y. Namikawa,
editors, Automorphic Forms and Geometry of Arithmetic Va-
rieties, volume 15 of Advanced Studies in Pure Mathematics,
pages 211–280. Kinokuniya, Tokyo, 1989.
[7] R. Lyons. Random walks and percolation on trees. Ann.
Probab., 18(3):931–958, 07 1990.
[8] M. V. Menshikov. Coincidence of critical points in percolation
problems. Soviet Mathematics, Doklady, 33:856–859, 1986.
[9] R. van der Hofstad. Percolation and random graphs. In
I. Molchanov and W. Kendall, editors, New Perspectives on
Stochastic Geometry, chapter 6, pages 173–247. Oxford Univer-
sity Press, 2010. ISBN 978-0-19-923257-4.
2
